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Non-Holonomic Gradient Play: Stability and
Deception in Games on Manifolds

Mahmoud Abdelgalil, Miroslav Krstic, and Jorge |. Poveda

Abstract— We study equilibrium seeking for multi-agent
systems whose joint state evolves on a manifold and whose
agents are constrained to act through state-dependent con-
trol vector fields. Under a natural bundle-splitting assump-
tion, we show that the averaged interaction dynamics admit
an intrinsic characterization as a sum of projected Rie-
mannian gradients, a form of non-holonomic gradient play,
and we analyze the structural and asymptotic stability of
equilibria via an intrinsic linearization that reveals the role
of the Riemannian connection and the non-holonomy of
the actuation frame. Our results subsume existing gradient
play characterizations in Euclidean and finite-dimensional
manifold settings as special cases, while accommodating
non-holonomic control vector fields. We then introduce
a geometric theory of deception for this setting, wherein
a malicious agent, with access to privileged information
about others’ learning rules, exploits such information to
shift the equilibrium of the interaction. We show that decep-
tion acts by tilting the Riemannian geometry of the manifold
and, consequently, distorting the projected gradients fol-
lowed by victim agents. We prove that exponential stability
of the deception-free equilibrium is robustly preserved over
an open set of deception parameters, and we derive an ex-
plicit first-order formula for the equilibrium shift induced by
the deceiver. Analytical examples are provided to illustrate
the presented theory.

Index Terms— Multi-agent learning, games on manifolds,
equilibrium seeking, deception.

[. INTRODUCTION

TRATEGIC interactions between autonomous decision-

making agents are often constrained by geometry, with
examples spanning many practical engineering problems, e.g.,
rigid body attitude coordination [1], [2], distributed resource
allocation [3], [4], and synchronization of coupled oscillators
[5]. These settings have two distinguishing structural features.
First, the joint state of the interaction evolves on a mani-
fold rather than on a vector space. Second, each agent can
influence a restricted set of directions of the joint state, and
those admissible directions typically vary with the state itself.
That is, each agent acts through a family of state-dependent
control vector fields. If, in addition, the agents pursue different
payoffs, the natural model of their interaction is gradient play
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wherein each agent seeks to maximize its own payoff along the
vector fields it controls. Therefore, game-theoretic notions of
equilibrium are typically invoked to characterize the behavior
of the interaction.

The earliest study of gradient play in games with contin-
uous strategy spaces seems to be [6], [7], where differential
characterizations of equilibria and of their local stability are
given for games whose strategy spaces are finite-dimensional
manifolds. However, the learning dynamics considered therein
are expressed via partial derivatives of the payoffs with respect
to a seemingly arbitrary choice of coordinates. Since gradient
vector fields on a manifold are defined only relative to a
Riemannian metric, and no such metric is introduced in [6],
[7], neither the dynamics nor the ensuing stability conditions
are coordinate independent. More significantly, the formulation
in [6], [7] presupposes that each agent actuates the coordi-
nates of its own strategy space directly and independently. In
particular, the framework in [6], [7] does not accommodate
agents that act through a restricted family of vector fields, let
alone a non-commuting one, even if the family collectively
spans the tangent bundle of the manifold. To the best of
our knowledge, an intrinsic theory of gradient play in games
whose joint state evolves on a manifold and whose agents
are constrained to act through state-dependent, possibly non-
commuting, vector fields, does not exist in the literature. In
parallel, there has been an active research thread on model-free
equilibrium seeking [3], [8]-[11] which dispenses with explicit
gradient information altogether and relies on zeroth-order
information only, i.e., payoff measurements, to approximate
gradient play. However, it has remained confined to Euclidean
strategy spaces with trivial actuation structures.

The first contribution of the present manuscript is precisely
an intrinsic theory of gradient play under such constraints.
Specifically, under a natural bundle-splitting assumption on
the agents’ actuation directions, we construct a Riemannian
metric on the state space with respect to which the interac-
tion dynamics amounts to a sum of projected Riemannian
gradients, one per agent, with each projection being onto
the distribution spanned by the corresponding agent’s control
vector fields. We refer to the resulting dynamics as non-
holonomic gradient play, and to the corresponding vector field
as the non-holonomic pseudo-gradient. This representation
yields an equilibrium characterization that is coordinate inde-
pendent. In particular, equilibria are determined solely by the
payoffs and the geometry of the actuation directions. We then
characterize the structural, as well as the asymptotic, stability
of equilibria via an intrinsic linearization of the non-holonomic
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pseudo-gradient, which decomposes into two types of terms:
Riemannian Hessian terms, and Connection terms. The latter
type encodes the non-holonomy of the actuation frame and
has no counterpart in the coordinate-based analysis of [6],
[7]. Sufficient stability conditions of the block Gershgorin type
are derived, and two special cases are worked out in detail.
First, when each agent’s distribution is involutive, we show
that the diagonal blocks of the linearization reduce to intrinsic
Hessians of restricted payoffs. When, in addition, the agents’
vector fields mutually commute, the state space acquires a
local product structure and the characterizations of [6], [7] are
recovered as the flat special case. The identical interest game
[12], wherein the dynamics reduces to an intrinsic gradient
flow, is likewise subsumed.

The second contribution concerns deception under asym-
metric information, and it is here that the generality of the
first contribution proves instrumental. Specifically, in contested
and adversarial environments, the assumption that all agents
are equally informed is frequently violated. Indeed, an agent
may be able to measure, in real time, the inputs applied by
its competitors, or may posses privileged knowledge of their
learning rules. Recent work [13] showed that, on Euclidean
product strategy spaces with additive actuation structures, such
asymmetry enables a malicious agent with access to privileged
information to relocate the equilibrium of the interaction by
manipulating only its own inputs, without tampering with other
agents’ measurements or actuation. The mechanism of [13],
however, is tailored to the additive structure of R™ and does
not extend to the geometric setting considered here. Within
the present framework, we show that deception admits an
intrinsic geometric description: by embedding the victim’s
exploration signals into its own inputs, a deceiver tilts the
victim’s effective actuation bundle along its own, and, thereby,
distorts the Riemannian projections of the victim in the non-
holonomic gradient. As a result, the tilted bundles generically
fail to be involutive even when the nominal ones are, and,
therefore, analyzing deception necessitates the general theory
we develop herein. In particular, we prove that exponentially
stable equilibria persist, together with their stability, over an
open set of deception parameters, and we derive an explicit
first-order formula for the equilibrium shift as a function of
those parameters.

As will be discussed in the sequel, the interaction dynamics
studied in this manuscript arises as the Lie-bracket approxi-
mation [14]-[16] of a control-affine system driven by payoft-
only feedback laws. In this sense, the theory developed herein
describes the behavior of model-free equilibrium seeking along
the lines of [3], [8]-[11], but for games on manifolds and
with actuation constraints. Nevertheless, our results are stated
for the target dynamics directly and are independent of the
particular mechanism that generates them. In particular, any
learning algorithm whose target behavior takes the form of
non-holonomic gradient play, whether obtained through ex-
tremum seeking, stochastic approximation, or otherwise, falls
within the scope of our formulation.

The remainder of the manuscript is organized as follows.
Section II collects notation and geometric preliminaries. Sec-
tion III presents the interaction model, its averaged dynamics,

and the information-asymmetry model. Section IV develops
the intrinsic theory of non-holonomic gradient play: the con-
structed metric, the equilibrium characterization, the intrin-
sic linearization, and the involutive and commuting special
cases, illustrated throughout by two running examples on the
sphere and on the simplex. Section V develops the theory
of deception: the tilting mechanism, the persistence of stable
equilibria, and the first-order sensitivity of the equilibrium
map. Section VI collects the proofs of the main results, and
Section VII concludes with directions for future work.

[1. NOTATION

Throughout, we use standard differential geometric notation
consistent with, e.g., [17]. Let M be a smooth n-dimensional
manifold, T M be its tangent bundle, T M its cotangent
bundle. We use (TM ®@ -+ @ TMT*M®--- @ T*M)
to denote the space of smooth sections of the bundle TM &
e RQTMT M®---T*M, so that the space of smooth
vector fields is I'(T'M), the space of smooth differential 1-
forms is I'(T*M), and so on. For brevity, we also use X(M)
to denote the space of smooth vector fields on M, and Q(M)
to denote the space of smooth differential 1-forms on M. The
symbol ® denotes fensor product so that, if fi, fo € X(M)
and wy,wy € Q(M), then f1 ® fo € T(TM @ TM),
w1 ® wy € F(T*M X T*M), w; ® fi S F(T*M (9 TM),
and so on. For f € X(M) and J a smooth function, the Lie
derivative of J along f is

LiJ(z) :=dJ(x) [f(a:)],

where dJ € (M) denotes the differential of J. A Rieman-
nian metric on M, which is a symmetric positive definite
section of I'(T* M ®T* M), is denoted by g. Given a smooth
function J, the Riemannian gradient with respect to g, denoted
by grad(J), is the unique vector field satisfying

g(grad(J), X) = dJ[X], VX € X(M).

The Riemannian Hessian of .J is the unique symmetric section
of I'(T*M ® T* M) that satisfies

Hess(J)[X,Y] :=g(Vxgrad(J),Y),

where V : X(M) x X(M) — X(M) is the Levi-Civita
connection associated with the metric g. The fact that the
Riemannian Hessian is symmetric, i.e., Hess(J)[X,Y] =
Hess(J)[Y, X], follows from the torsion-free nature of the
Levi-Civita connection. If £ C T'M is a smooth sub-bundle
and Pc : TM — £ is the g-orthogonal projection, then we
define the projected gradient

gradg(J) := Pg grad(J).

Finally, we use |, to denote the evaluation operation, i.e., if
f € X(M), then f|, = f(z) € T,.M, and so on.

I1l. PROBLEM FORMULATION

We model the state-space of the strategic environment as a
smooth n-dimensional manifold M. The i*"'-agent can only
influence the state of the environment x € M through a
collection of vector fields { f; ; }?;1 C X(M) by manipulating
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Fig. 1. Block diagram of the strategic interaction between IN indepen-
dent decision-making agents coupled only through the environment.

.

its input vector (u;1,...,u;q,) € R%. Therefore, in the
presence of IV independent decision-making agents, and under
a control-affine structure, the evolution of the environment
state is governed by the control-affine system

N d;
B30 uisfiy ). 1)

i=1 j=1

In the non-cooperative setting, each agent is interested in their
individual payoff which may, in general, be different from
other agents’ payoffs. We model this situation by a collection
of sufficiently regular functions {J;}2,. A block diagram
description of the model is shown in Figure 1.

When the decision-making agents have access to measure-
ments of their own payoff only, an agent can design their
control inputs so as to drive the state of the environment x in
the directions that maximize their respective individual payoff.
The natural class of algorithms in this case is the framework of
Lie-Bracket Approximation Extremum Seeking (LieBrA-ES)
[14]. Under this design choice, the inputs of the i*"-agent may
be taken as the feedback law

u; j(z,t) = \/ZWCOS(QWWijt)FZ—{j(Ji(l’)) 2
- \/Wsin@wwi,jwt)ﬂ%j(Ji(a:)),
where w € R, the constants U 1{w”} i, C Qsp are

any collection of positive rational numbers such that w; ; =
wy ;o if and only if 4 = 4’ and j = j/, the constants x; > 0
are positive gains, and Flk] : R — R is any collection of
sufficiently regular functions that satisfy

Fz?j(y) = _Fil,j(y)/Fil,j(y)_zdy- 3)

s,

An example of such functions is

Fj(y) := cos(y), F2(y) = —sin(y), @)

which was introduced in [18], see also [15], [19]. Regardless
of which choice is implemented, the behavior of the control-
affine system (1) under the output feedback law (2) is known
[14], [16] to approximate the behavior of an associated Lie

Bracket Approximation (LieBrA) system

d;

Z"%ZLﬂJ

=1

) fi,j (@), &)

in the limit w > 1. In particular, the stability properties of
the system (5) are inherited by the closed-loop system (1)-(2)
in a practical sense [14], [16], [20]. Therefore, it is of great
interest to characterize the asymptotic behavior of system (5),
a goal we pursue in Section IV.

The model presented thus far, i.e. the closed-loop system
(1)-(2), is formulated under the assumption of information
symmetry, i.e., that none of the decision-making agents has
access to privileged information concerning the feedback laws
implemented by other agents. As shown recently in [13], when
this assumption is violated, i.e., in the presence of information
asymmetry, agents with access to privileged information can
manipulate the asymptotic behavior of the strategic interaction
dynamics (1) through careful manipulation of their own control
inputs only. In particular, such deceptive agents can bias the
steady-state behavior of the system (1) without ever interfering
with the control actions of the oblivious agents or their mea-
surements. The context in which this deception phenomenon
was studied in [13] is that of Nash-Seeking in repeated static
non-cooperative games on flat spaces. Herein, we will study
a natural generalization of deception in adaptive multi-agent
decision-making to the setting captured by (1).

For the sake of simplicity, we focus on the case of two
agents and introduce the following model (see Remark 6 for
the extension to N > 2 agents). We assume that the 15¢-agent,
i.e., the deceptive agent, can measure the control input (2) of
the 2"4-agent, i.e., the oblivious agent. We also assume that the
deceptive agent, utilizing this privileged information, adjusts
its feedback law to

da

iy (2, t) = u i (2,1) + Y Aua(z,t), (6)
k=1

where {wi} is a collection of tunable inputs controlled by the
deceptive agent. Therefore, the closed-loop system defined by
(1) and (6) can be re-written as

F= 30wy 0)fis @)

(7a)
i=1j=1
where the vector fields f; ; are given by
d1
fri=t Faji=foi Y Ak (7b)
k=1
and, consequently, the associated Lie-Bracket system is
2 d;
=Y riy Lj (J)(@) fij(@). 8)
i=1 j=1

Notably, the system (8) shares the same structure as (5) but
differs crucially since the vector fields f27 ; are tilted from their
original value by the deception parameters 7]’? according to the
formula (7b). In particular, we expect that the equilibria of (5)
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and (8), when they exist, will, generically, coincide only for
the case 'yJ’»“ = 0. The behavior of (8) is studied in Section V.

We conclude the current section with a discussion on the
assumption of asymmetric information adopted herein. To
that end, it is worth mentioning that the particular form
of information asymmetry adopted in [13] is failored for
the classical Extremum-Seeking based Nash-Seeking on R".
Consequently, the same assumption cannot be used as is to
study deception in the context of the model (1) since it relies
on the additive structure of Euclidean spaces. Moreover, the
type of interactions studied in [13] necessitates that the vector
fields f; ; are constant and completely decoupled, i.e., that
M =R x - x RIN  RIVFIN and f; j(x) = Oyi—1)d+5-
Herein, we relax both of these assumptions as evidenced by the
general model (1), and, as a result, we require a stronger notion
of information asymmetry to obtain a suitable generalization
of the deception mechanism in [13]. Possible relaxations of
this assumption will be pursued in future work.

IV. EQUILIBRIA AND THEIR STABILITY

In this section, we focus our attention on system (5),
repeated below for convenience,

ZKZZLfH

i=1

) fi (). &)

Characterizing the asymptotic behavior of (5) necessitates
identifying its equilibria as the first step. However, without
further assumptions on the vector fields f; ;, finding the equi-
libria of (5) requires solving the general system of equations

ZK‘ZLfLJ

An issue with (9) is the fact that, in general, the equilibria of
(9) will depend on the choice of the gains k;, a choice that is
arbitrary and independent of the functions J;. Nevertheless,
there are natural assumptions that allow us to characterize
those equilibria that satisfy (9) for any choice of the gains
ki. To that end, we impose the following assumption.

) fi(x) = ©)

Assumption 1: There exists an open sub-manifold & C M

such that, for all x € U/, we have
T.U=E(x)® - ®EN(2),

where &; is a regular distribution on U/ defined by the span of
the i*"-family of vector fields {f; ;}% |, i.e.,

(10)

Jj=1
Ei(x) := spang { fi;(2)} 2.
O

In words, Assumption 1 asks that the family of vector fields
UN {fij }?i:l spans the tangent space of the manifold M for
all points in an open set / and that the intersection of the spans
of any two distinct families {f; ; }?’;1 and {fy ; }jil is trivial
whenever i # . In the context of the multi-agent strategic
interaction modeled by (1), Assumption 1 essentially requires
that the control vector fields influenced by the i*"-agent are
linearly independent from the span of the control vector fields

€2
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Fig. 2. An illustration of the vector fields e; for Example 1 in the &-
coordinates. The arrows’ sizes represent the magnitude of the vector field.

influenced by every other agent at every environment state x €
U and that, collectively, the family U { fm ., spans the
entire tangent bundle 7U. We now 111ustrate thls assumption
with some examples. In these examples, the distributions &;
are all rank 1, i.e., d; =1 for all ¢ € {1,..., N}. To simplify
notation, we use e; := f; 1 to get rid of superfluous indices.

Example 1: We consider a two-player, i.e. N = 2, decision-
making problem on the sphere M :=§? = {2z ¢ R3 | 2Tz =
1} C R3, which is a 2-dimensional Euclidean sub-manifold.
Let the vector fields e; be defined in the ambient coordinates
x = (z1,22,23) by

61(1') = 1’381' — ICiag,

which can be shown to be tangent to S2. To verify Assumption
1 on a suitable submanifold / C M, we define the function
A(z) := (z,e1(x) X ea(x))rs, where X is the cross product
of vectors and (-, -)gs is the inner product between vectors in
R3. Direct computation gives that

A(z) = z3(2? 4+ 22 + 22) = z3.

Therefore, since the cross product of a pair of vectors in R3
vanishes if and only if they are linearly dependent, it follows
that the vector fields e; are linearly independent and span the
tangent space of S? everywhere except at the degenerate set
{z € §? | 3 = 0}. In particular, by restricting our analysis
to the open sub-manifold

U:={ze$S*|x3>0}

we are guaranteed that, if &;(z) := span{e;(z)}, then As-
sumption 1 holds on /. Moreover, the submanifold I/ is diffeo-
morphic to the open disk D? := {£ = (£;,&) € R? | £3+£2 <
1} via the diffeomorphism (&1,&2) = ¢(x) = (1, 22), which
will be convenient for visualizations. For instance, the vector
fields e; are depicted in Figure 2 using the ¢-coordinates.
It is also worth mentioning that the vector fields e; do not
commute. Indeed, direct computation gives

[e1, e2](z) = w201 — 7109,
which, generically, is non-vanishing on /. ]

Example 2: Consider a two-player, i.e., N = 2, resource
allocation problem on the 2-simplex M = S? {z €
R® | #; > 0,5 ,x; = 1}, which is a 2-dimensional
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coordinates. The arrows’ sizes represent the magnitude of the vector field.

An illustration of the vector fields e; for Example 2 in the &-

Euclidean submanifold. Let N = 2 and consider the vector
fields e; defined in the ambient coordinates as follows:

ei(m) = xll‘g.%‘g(ai — (93)

Direct computation shows that the vector fields e; are tangent
to M and span the tangent space everywhere except at the
degenerate set {x € M | x1x2x3 = 0}, which corresponds
to the topological boundary of M, denoted by M. Hence,
by restricting our analysis to the open submanifold U :=
M\OM, we are guaranteed that, with & = span{e;}, then
Assumption 1 holds on ¢/. Moreover, similar to the previous
example, the submanifold ¢/ is diffeomorphic to an open
subset of the plane via the diffeomorphism (&1, &) = ¢(z) =
(21, 22), which will be convenient for visualizations. Indeed,
the vector fields e; are depicted in Figure 3. We also point
out that the vector fields e; do not commute. In fact, direct
computation gives

[617 62](1‘) = x1$2$3(l‘1($3 — 1‘2)81 + 1‘2(1‘1 — .2?3)82
+ x3(22 — 1)03),

which, generically, is non-vanishing on /.
]
We will be mainly interested in the behavior of the dy-
namical system (5) within the open sub-manifold ¢/. As such,
Assumption 1 allows us to endow system (5) with a natural
geometric interpretation: the flow of (5) is a Riemannian
pseudo-gradient flow on M.

Theorem 1: Let Assumption 1 be satisfied. Then, there
exists a Riemannian metric g on the sub-manifold &/ C M
such that system (5) takes the form

N

= Z rigradg, (J;)(x),

i=1

Y

where grady, (.J;) is the vector field obtained through orthog-
onal projection of grad(.J;) with respect to g onto &;.
|

In view of (11), we refer to the averaged interaction dynam-
ics as non-holonomic gradient play: each agent ascends its own
payoff, but only along the state-dependent, and generically
non-commuting, directions available to it. In the special case
M = R" with f; ; = 0(; ;) in the standard coordinates, system

(11) reduces to the classical gradient play dynamics studied
in [6], [7].

The proof of Theorem 1 is constructive in the sense that it
explicitly defines the Riemannian metric on the sub-manifold
U for which the conclusions of the Theorem hold. Moreover,
if the sub-manifold ¢/ contains any equilibria of the system
(5), then, thanks to Assumption 1, the condition (9) simplifies
to the natural geometric condition

gradg (J;)| , =0, ie{l,...,N}. (12

Notably, unlike (9), the condition (12) is independent of the
gains k;, i.e., no agent can change the equilibria of (5) in the
sub-manifold U/ by amplifying their gain ~;, which implies that
such equilibria are solely determined by the payoffs J; and the
family of vector fields UN , {f; ; }?;1, i.e., by the properties of
the environment (cf. Figure 1). Therefore, we may take x; = 1
for all ¢, which is equivalent to absorbing the constants «; into
the payoff functions, without affecting the equilibria of (5) in
the sub-manifold U/.

Having characterized the equilibria of the interaction dy-
namics (5), we now proceed to study their nature. Specifically,
we would like to characterize sufficient conditions under which
an equilibrium point, i.e., a point satisfying (12), is isolated
and locally exponentially stable. This is achieved using the
intrinsic Jacobian.

The intrinsic Jacobian of the vector field defining (5) is the
(1,1)-tensor A : X(U) — X(U) defined by

AlX]:=Vy (Z gradgi(Jz')> ;

i=1

x*

(13)

for any X € X(U), where we utilize the linearity of the
Levi-Civita connection. The local properties of an equilibrium
point x* € U satisfying (12) is dictated by the eigenvalues
of the linear map Al,« : Topsld 2 v — Alp[v] € Tpeld, ie.
the restriction of the Jacobian defined in (13) to the tangent
space at the point x*. In particular, we have the following
proposition.'

Proposition 1: Let Assumption 1 be satisfied for some U C
M and let * € U be such that (12) holds. Then, the following
statements are true:

1) The point z* is an isolated equilibrium for system (5)

if the map A|,~ is an automorphism of T,/.
2) The point x* is locally exponentially stable for system
(5) if and only if the map A|,« is Hurwitz.
O

Before we proceed to analyze the structure of the Jacobian
(13), it is illuminating to consider the case where J; = Jo =

- = Jy = J, ie., the identical interest game [12] in
which all agents share the same payoff. In that case, system
(5) is, essentially, an intrinsic gradient flow. In addition, the
equilibrium condition (12) and the operator (13) simplify to

grad(J)|,~ =0, A[X] = Vxgrad(J),

where, since {Pg,}¥, are a complete set of projection op-
erators, we used the property that Zfil Pg, = I. Applying

IThe proof is classical and is omitted.
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Proposition 1 to this special case, we recover the standard con-
ditions of optimization in the geometric setting. In particular,
item 2) in Proposition 1 is equivalent to the condition that the
Hessian is negative definite at x*.

Given the discussion above, it is tempting to extend the
intuition provided by the identical interest case to the general
case. However, as will be shown in the sequel, the curvature
induced by the geometry of the bundles &; contributes in a
non-trivial way to the Jacobian (13). Indeed, recalling that
gradg (J;) := Pg,[grad(J;)], where the (1, 1)-tensor Pg, is
the orthogonal projection operator with respect to the metric
onto the distribution &;, and utilizing the product rule of the
Levi-Civita connection, we see that

N
A= Z Pg,[Vgrad(J;)] + (VPg,)[grad(J;)].
i=1

(14)

From (14), it is immediately clear that the curvature of the
bundles &; has a non-negligible contribution to the Jacobian.
Indeed, the second term in (14) does not vanish generically
at an equilibrium point 2* since condition (12) may hold at a
point * € U even if grad(J;)|,+ # 0. Using the orthogonal
splitting (10), we may decompose A into a block form by
defining the linear maps

N
Aij [] = Z Pgi [ng [Vpgj [.]grad(Jk)]
k=1

+ (Ve 1 Py lgrad(Ji)]

Since &; are orthogonal, it follows that Pg, Pe, = 0;,Fs, , and,
therefore, the tensor fields A;; simplify to

Aijl] = Pe,[Vpe igrad(Ji)] + Cyl], - (15a)
where C;; are the tensor fields defined by
N
Cijl1= ") Pe(Vr 1 Pe,)lgrad(Jy)]]. (15b)
k=1

From this block form, it is possible to derive a sufficient
condition to ensure that the real parts of the eigenvalues of the
linear map A|,~ are strictly negative and, therefore, that 2* is
both isolated and locally exponentially stable. The following
Proposition formalizes this sufficient condition:

Proposition 2: Let o* € U satistfy (12) and let A;; be the
blocks defined in (15). For each pair (7,7), define ||A;;]|, as
the operator norm induced by g, i.e.,

Ai"U
gl = sup 10l
ve&; (z*)\{0} vl
and, for a linear map M on &(z*), let of, (M) :=
inf,ee, @01 [|Mv|lg/[[v]lg. Suppose that there exist positive
constants y; >0 (¢ = 1,..., N) such that, for each i,
. Xj
f o (Aiiler —sI; Aijlarllg =2 16
%(lgzoo'mm( ‘ s ) > ; J| Hg Xi’ ( )

where I; denotes the identity map on &;(x*). Then A|,~ is an
automorphism and Hurwitz.
O

In the remainder of this section, we impose the following
assumption.

Assumption 2: For each ¢ € {1,...,N}, the family
{fi; }?":1 is linearly independent at every x € U.
O

Under this hypothesis, the Riemannian metric ¢ on U
constructed in the proof of Theorem 1 makes the family

{fij:1<i<N,1<j<d;}

a global orthonormal frame on U/ under the metric g. Note,
however, that this Assumption is not too restrictive and is only
made for convenience. Indeed, by restricting the submanifold
U C M if needed, we may always select a set of independent
vector fields that span each distribution &;.

Next, we proceed to define {¥9%7} as the co-frame dual to

{fij:1<i< N, 1<j<d},
i.e., the unique set of differential 1-forms on U that satisfy
99 [ fr.e] = dir S0

With this definition, the metric and the orthogonal projection
operators onto the distributions &; take the form

a7

d;
P, = Zﬂi’j ® fij. (18)

j=1

(v, w) = 32 070} 9 ),

In addition, for any smooth function J,

N d;
grad(J) = > gradg (J), gradg (J) =Y dJ[fi;] fi;.
i=1 j=1

19)
We then have the following Theorem.

Theorem 2: With respect to the frame { f; ; }, the linear map
Al admits the block matrix representation

N
ij=1’

Algr = [ Al ] Ajjlor € REX

where the entries of the matrices A;;|,+ are given by
(Aijlar) ., = A(dTil fip)) [f1a)]
N (20)
= Hess(J;)[fips fi.a] L Vs, fiw]

forpe{l,...,d;} and g € {1,...,d;}, and where Hess(.J;)
denotes the Hessian of .J; with respect to g.

)
xT*

O

Remark 1: Formula (20) splits each block of the Jacobian
into a Hessian term and a connection term dJ;[Vy, _ fi ,]. The
connection term encodes the non-holonomy of the actuation
frame { f; ;} and, in general, it does not vanish at *, since (12)
does not imply grad(J;)|,« = 0. Nevertheless, there are two
instructive cases with some simplifications. If the inter-block
connection coefficients vanish, i.e., V Fiva fip = 0 whenever
i # j, then the off-diagonal blocks are pure Hessian blocks,

(AiJ"ﬂU*)p,q = HeSS(Ji)[fi,Pv fj,q] ) i 7£ jv
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while the diagonal blocks retain the term dJ;[Vy, . fi plle,
which reflects the intra-block geometry of the frame. Con-
versely, if the intra-block connection coefficients vanish, i.e.,
Vi, fip = 0 for all 4, then the diagonal blocks are pure
Hessian blocks, while the off-diagonal blocks retain the term
dJi[Vy,  fiplles for i # j, which reflects the inter-block
geometry of the frame. Finally, if the frame is holonomic,
i.e., [fip, fj,q] = 0 for all pairs, then the frame is a coordinate
frame in some chart and the metric constructed in Theorem 1
is flat on that chart. In particular, all connection terms vanish
identically, and, in this case, the blocks (20) reduce to matrices
of mixed partial derivatives in this chart, i.e.,

_ 92 .
(Aij |fc*)p,q - a(j,q),(i,p)‘]z
which recovers the characterization in [6]. In general, however,

the terms induced by the non-holonomy of the frame {f; ;}
must be taken into account in studying (5).

x*?

O

Before we move on from the current section, we provide
examples that illustrate the concepts introduced thus far.

Example 3 (Example 1 cont’d): With the vector fields {e;}
defined in Example 1, we define the co-vector fields {9} as

I (z)[v] == (=1 Az) ™ (v, e3_i(x) X T)gs,

for all (x,v) € TU. Then, it can be verified through direct
computation that ¥'[e;] = &;;, i.e., {¥} is the dual co-frame to
the frame {e;}. We now define a metric g on the submanifold
U by (18) for any pair of vector fields v, w.

Next, we introduce the payoff functions that characterize
the decision-making problem:

Jl(.’L') = 2% + (1’3 + 1’3,1-),
which are depicted in Figure 4. Direct computation gives

dJ;[ei](x) = —x;. (210

Therefore, the only equilibrium point in U is given by z* =
(0,0,1). To verify the structural, as well as the asymptotic,
stability properties of x*, we need to compute the intrinsic
Jacobian A defined in (13). To that end, we invoke Theorem
2 and utilize the simplified expression obtained in (20). Sub-
stituting from (21) shows that d(dJ;[e;])[e;]|o« = —d;;, ie.,
the matrix representation of A|,» with respect to the frame
{e1, €2} is given by:

-1 0
Aler = { 0 —1} '
which is clearly an automorphism of 7./ and also Hurwitz. It
follows from Proposition 1 that z* is a non-degenerate isolated
locally exponentially stable equilibrium. (]
Example 4 (Example 2 cont’d): Next, we define the co-
vector fields 9% by
Ui

9 =

@)=
for any tangent vector v = (v1,v2,v3) € TU. Then, it can
be verified through direct computation that ° lej] = dij, ie.,
the co-frame {1} is dual to the frame {e;}. We now define a

S0 -05 0.0 05 10 -0 -05 00 05 10

& &

Fig. 4. An illustration of the payoffs J; for Example 1 in the &-coordinates.
The red dots represent the maximizer of the corresponding function.

metric g on the submanifold ¢/ by (18), which, automatically,
makes the frame {e;} orthonormal with respect to g.
The payoff functions of the agents are:
1 2 2 2
Ji(x) :=1— 5((:33_1- —a)’ + (x; — 1+ 20)* + (x5 — @)®),
for any « € R, which are depicted in Figure 5 for o = 4/9.
Direct computation gives that

dJ;lei](x) = —x1x0x3(x; — 23 + 3 — 1), (22)

which can be shown to imply that the only equilibrium in ¢/
is the point
w1
3
provided that o € (1/6,2/3). To verify the structural, as well
as the asymptotic, stability properties of x*, we compute the
intrinsic Jacobian A by invoking Theorem 2 and using (20).
Indeed, substituting from (22) into (20), we obtain:
d(dJi[e1])]e1] = z123523 (21 (B — dz5 — 1)
+z3 (=3 + x5 + 1) + 27),
d(dJy[e1])[e2] = l‘%.’lﬁgxg (xg Ba+xy — 223 —1)
+ x3 (—3a — x; +$3+1)),
d(dJy[es])[e1] = xlxgwg (xl (Ba+ xg — 223 — 1)
+x3(73a7x2+x3+1)),
d(dJiles])le2] = aiwows (22 (3o — dzg — 1)
+ 23 (=3 + x5+ 1) +23),

x (2 — 3,2 — 3a, 60 — 1),

so that, at the point =*, we have that the matrix representation
of the linear map A|;« is

1 9 4|—2 -1
Al = %(1 —6a)%(2 — 3a) {_1 _2] ,
which is clearly an automorphism of 7,+4/ and Hurwitz. It
follows from Proposition 1 that =* is a non-degenerate isolated

locally exponentially stable equilibrium. ]

To end this section, we consider additional assumptions on
the family of vector fields and investigate the resulting sim-
plifications on the geometric structures introduced earlier. We
begin with the case in which each agent’s control distribution
is involutive.
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Assumption 3: Suppose that, for each ¢ € {1,...,N},
[fips fig) € Span{fi,r}ﬁizl, for all p,q € {1,...,d;}. O

In words, Assumption 3 asks that each agent cannot directly
interfere in the directions influenced by other agents by
exciting Lie Brackets of its own vector fields, which is a
natural Assumption. Note that Assumption 3 holds trivially
in Examples 1 and 2, since each distribution therein is of rank
one. Under Assumptions 1 and 3, each distribution &; defines
a submanifold U; such that T,U; = &;(x). Note, however,
that this is not enough to conclude that ¢/ admits a product
structure U = Uy X --- X Uy. Indeed, as in Examples 1 and
2, each distribution &; can be 1-dimensional, which is trivially
involutive, and yet the manifold &/ does not admit a product
structure that respects the splitting in Assumption 1 due to
the fact that vector fields belonging to different distributions
may not commute. Nevertheless, Assumption 3 allows us to
simplify the expressions (20) as follows.

First, by Frobenius Theorem [17, Theorem 19.12], there
exists an embedded submanifold If; C U such that TU; = &;,
for all ¢. That is, U; C U is a weakly embedded submanifold
[17, Theorem 19.17] of the Riemannian manifold ¢/ and, when
equipped with the ambient metric, is isometrically weakly
embedded. Consequently, restrictions of smooth functions to
U; are also smooth functions. Introducing the notation J
to denote the restriction of the smooth function .J; to the
submanifold /;, as well as gi, Vi, to denote the Riemannian
metric on U; induced by the ambient metric g, and its
associated Levi-Civita connection, respectively, we have the
following Proposition.

Proposition 3: Suppose that Assumptions 1-3 hold, and that
x* € U satisfies (12). Then, with respect to the frame {f; ;},
the diagonal blocks in (20) are given by

(Aiile*)pg = Hessi(Jg”i)[fW, fisglla=s

where Hess' is the intrinsic Hessian of Jluf i.e. the restriction
of the function J; to the submanifold U;, computed with
respect to the induced metric g°. ]

(23)

Remark 2: It is worth mentioning that a major simplifi-
cation provided by Proposition 3 is the fact that the matrix
Ajilz~ is now symmetric, since the Hessian is a symmetric
operator. We also remark that Assumption 3 will no longer
hold, in general, if deception is involved. Indeed, as shown
in Proposition 5, the effect of deception in the presence of
information asymmetry is to tilt the distributions &; controlled
by the oblivious agents along the distributions controlled by
the deceiver. Therefore, as soon as deception is involved, the
new distributions &; may no longer be involutive in the general
case. This is a major motivation behind considering the general
analysis in Section IV, which allows us to study the stability
of deception in Section V. ]

Next, we consider the following Assumption.
Assumption 4: For all 4,5 € {1,..., N} with ¢ # j,
[fips fial =0,
forall pe {1,...,d;} and all ¢ € {1,...,d;}.

In words, Assumption 4 requires that the vector fields
controlled by each agent commute with those controlled by
every other agent. Note that Assumption 4 fails in both
Examples 1 and 2, in view of the non-vanishing commutators
computed therein, which illustrates that the product-structure
setting considered below is genuinely more restrictive. Under
Assumptions 1-4, Frobenius Theorem can be applied to show
the existence of a local diffeomorphism ¢ : U — U X - - XU,
where each If; is a smooth d;-dimensional Riemannian mani-
fold and ¢.&; = TU;. In particular, the Riemannian metric g
from Theorem 1 takes a block-diagonal form g = ¢' @ - -@ g
in these coordinates.

The following proposition establishes the key geometric
consequence of the combined assumptions: the Levi-Civita
connection of g has no inter-agent components.

Proposition 4: Let Assumptions 1-4 be satisfied. Then,
Vi Jip=0 onU, forallij. (24)
O

As a consequence of Proposition 4, the intrinsic Jacobian
from Theorem 2 simplifies completely.

Corollary 1: Let the hypotheses of Proposition 4 hold and
let z* € U satisfy (12). Then, the blocks of the intrinsic
Jacobian A|,- are given by

Hess' (J{)[fip, fidl .. =],

o)y = )
7 HeSS(Ji)[fi,pv f]}q] e i # J.

(Asj

O

Proof: For diagonal blocks, (25) follows from Proposi-
tion 3, which requires only Assumptions 1-3. For off-diagonal
blocks with ¢ # j, substituting (24) into the second equality
of (20) immediately gives

(Aij | )pyq = Hess(J;) [fi,p, fj,q} |ao -
||

Remark 3: In the special case where each &; is spanned
by coordinate vector fields in some chart, i.e., f;; = 0 ;)
Assumptions 2-4 are automatically satisfied, and system (5)
takes the form

N d;
E=Y > Ouydi@),),
i=1 j=1
in coordinates, i.e., the interaction is governed by the vector
field whose components are partial derivatives of the payoff
functions in local coordinates. Moreover, we compute that

HeSSi(Ji)[fi,pa fiql = a(Qi,p),(i,q)Ji’
Hess(J;)|fip, fiq]

= Orua) tim) i
In this case, (25) recovers the coordinate dependent formulas
in [6], [7] as a special case of Theorem 2. Note, however,
that even if Assumptions 2-4 hold, the results in [6], [7] still
do not apply due to the fact that, for each ¢, the commuta-
tors [fip, fi,q] need not vanish in general. In particular, the
expression (25) accounts for the intrinsic curvature of the
submanifolds /; which, in general, does not vanish. O
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Fig. 5. An illustration of payoffs J; for Example 2 in the &-coordinates.
The red dots represent the maximizer of the corresponding function.

V. INFORMATION ASYMMETRY AND DECEPTION

As discussed in Section III, when the assumption of in-
formation symmetry is violated, an agent with access to
privileged information can bias the steady-state behavior of
(1) by manipulating only its own control inputs, without
interfering with the actions or measurements of the oblivious
agents. In this section, we analyze the interaction dynamics
induced by the deceptive feedback law (6), i.e., system (8),
repeated below for convenience,

d;

g=Y miy Lj (Ji)(@)fi;(@), ®)

2V}
i=1  j=1

where, as in (7b), the vector fields f” are given by

dq
Jig =T, fag = fas t Z%"cfl,k-
k=1
Similar to Section IV, we impose Assumption 1 on the vector
fields f; ; and, for simplicity, we also impose Assumption 2.
Then, we have the following proposition.

Proposition 5: Let {f; ;} be given by (7b) for any choice
of deception parameters {~7 }. Then, Assumption 1 is satisfied
on U with & = span{f; }5Z1- In particular, the family {fi;}
remains pointwise linearly independent on U/ and

TU =& (z) ® E(x)  forall z €U.

]
Remark 4: Although 51 = &7 as subbundles of TU, since
the deceiver does not alter their own directions, the victim’s
new bundle & is generically distinct from &, since, from
(7b), the vector field f~2’j acquires components along the
deceiver’s directions f; , with weights ’yj’-“. This is the geo-
metric mechanism of deception in our setting: the deceiver
rotates the victim’s effective actuation directions into its own
bundle without modifying its own reach. As a consequence,
projected gradients on &, are biased relative to those on &,
and the equilibrium of the averaged dynamics is generically
shifted. Moreover, the proposition holds for all choices of
deception parameters, including arbitrarily large ones, and
uniformly in x € U. This is a direct consequence of the
block-triangular structure of I' in (50), which decouples the
invertibility analysis from the magnitude of the tilt block ~.
(]

As a direct consequence of Theorem 1 and Proposition 5,
we have the following Corollary.

Corollary 2: There exists a Riemannian metric g on the
open sub-manifold ¢/ C M such that (8) takes the form

2

&= rigradg (J;)(@), (26)
i=1

where grad; (J;) is the vector field obtained through orthog-

onal projection of grad(J;) with respect to ¢ onto &;.
O

This result allows us to, once again, take x; = 1 and look
for equilibria of system (8) using the condition

gradg (J;)(z*) =0, i€ {l,2}. 27

Notably, since 51 = &1, this condition is unchanged from the
analysis in Section IV for ¢ = 1. However, unlike Section
IV, the bundle &, is tilted along the bundle &;. In particular,
utilizing the assumption that the vector fields {f;;}, and,
consequently the vector fields { fl ;j}, are linearly independent,
as well as (7b), the new equilibrium conditions take the form

O:djl[fl»j](x)v j€{17"'ad1}7

dy
0= dJa[fz,](z) + Z’Y]deQ[fl,k}(m)v je{l,....da},
k=1
which implies that an equilibrium point of system (8) will, in
general, depend on the matrix of deception parameters v €
R91%d2 Nevertheless, we have the following Theorem.

Theorem 3: Suppose that * € U is a locally exponentially
stable equilibrium point for the interaction dynamics (5). Then,
there exists an open neighborhood Q C R%*% with 0 € )
and a smooth map X* : Q — U such that X*(0) = «* and,
for all v € , the point X*(~) is a locally exponentially stable
equilibrium point for the interaction dynamics (8).

O

Corollary 3: Under the hypotheses of Theorem 3, and
under the identification of 7,4 with R™ provided by the
frame {f; ;(«*)}, the map X* satisfies

oxX* _
Fl = —dRlAdE) (Al [fs@)], @8)
9; ly=o
forall j€{l,...,d2} and k € {1,...,d1}. O

Remark 5: Formula (28) makes the mechanism of Propo-
sition 5 quantitative: to first order, the deceiver shifts the
equilibrium along the directions (Al )~ [f2,;(2*)], weighted
by the sensitivities d.Ja[f1,x](2*) of the victim’s payoff along
the deceiver’s directions. In particular, if dJa[f1 x](z*) = 0
for all k, i.e., if the victim’s payoff is stationary along the
deceiver’s directions at z*, then deception is ineffective to
first order, regardless of the choice of . Formula (28) thus
provides a natural starting point for the constructive design of
deception parameters, a direction we pursue in future work. [J

Remark 6: The restriction to two agents is made for clarity
of exposition, not out of necessity. Consider N agents and
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Fig. 6. An illustration of the tilted vector fields €; for Example 5 in the
&-coordinates. The arrows’ sizes represent the magnitude of the vector field.

suppose that the information-asymmetry structure is acyclic,
i.e., there exists an ordering of the agents such that agent ¢ can
measure, and embed into its own inputs, the inputs of agent
£ only if ¢ < £. Then, the matrix I" representing the tilt, cf.
(50), is strictly block upper-triangular in this ordering, hence
nilpotent, and det(/ + I') = 1 irrespective of the deception
parameters. Consequently, Proposition 5, Theorem 3, and
Corollary 3 extend verbatim to this setting. The genuinely
distinct case is that of a cyclic information structure, e.g., two
agents simultaneously attempting to deceive one another, in
which case I + I' may become singular for certain parameter
choices and the tilted family may fail to span the tangent
space; the characterization of equilibria in this regime is an
open problem that we leave for future work. (I

We conclude this section by revisiting the examples from
Section IV when deception is involved.

Example 5 (Example 1 cont’d): We consider the case in
which the 1%-agent implements a deceptive strategy towards
the 2"%-agent. In this case, {e;} are replaced by

é1(z) := er(), é2(z) = e2(w) + ver(w),

where v € R is the deception parameter. The new vector fields
are depicted in Figure 6 for v = % As can be observed from
the figure, the vector field é; is tilted compared to Figure 2.
Repeating the same computations as in Example 1, we find
that the new frame {¢&;}, with é; = e; and é, as above, still
spans the tangent space of the submanifold /. In particular,
we have that

dJiler](z) = =21,  dJ2[Es] = —x2 — y(21 — 73),

so that the only equilibrium in ¢/ is given, as a function of the
deception parameter vy, by

ol 1

TR i

Next, we proceed to verify the structural, as well as the
asymptotic, stability properties of the point X*(v). Thanks
to Theorem 3, we already know that there exists an open
neighborhood 2 C R with 0 € € such that, for all v € ,
X*(v) is locally exponentially stable. Nevertheless, because
we have an explicit expression of the equilibrium point, we
can obtain stronger results. To do so, we employ the frame

X*(7) = (29)

i i
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414444444444r,
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Fig. 7.
&-coordinates. The arrows’ sizes represent the magnitude of the vector field.

An illustration of the tilted vector fields €; for Example 6 in the

{€é1, €2}, which is orthonormal with respect to the tilted metric
g of Corollary 2. In particular, we compute that

d(dJi[é1])[e1] = —zs,

d(dJi[é1])[é2] = —vs3,

d(dJz[és])[e1] = —v(z1 + x3)

d(dJ5[E2])[E2) = —y(vw1 + m2) — (1 +7%)3

Hence, substituting from (29), we see that the matrix repre-
sentation of A|x. () with respect to {&;} is

YO TR ey )]
To verify that A[x«(,) is an automorphism of T’x.( U and
Hurwitz, we compute its trace and determinant as:

trace(A|x«(y)) = —2v/1++2

det(A\X*(,y)) =1,

which, since it is a 2 X 2 matrix, imply that its eigenvalues are
strictly negative, and, therefore, X*(v) is a non-degenerate
isolated exponentially stable equilibrium for all v € R.
In conclusion, deception preserves the stability of the new
equilibrium point (29), which is controlled by the deceiver
via the parameter . We also note that differentiating (29) at
~v = 0 gives %X*(O) = (0,1,0) = ex(z*), in agreement with
Corollary 3, since d.Ja[eq](x*) =1 and A« = —1.

]

Example 6 (Example 2 cont’d): We consider the case in
which the 1%-agent implements a deceptive strategy towards
the 2"d-agent in the setting of Example 2. In this case, the
vector fields {e;} are replaced by

é1(x) = ey (x), éa(x) = ex(x) + yer(x),

where v € R is the deception parameter. The new vector fields

are depicted in Figure 7 for v = % As can be observed from

the figure, the vector field é; is tilted compared to Figure 3.
We compute that

dJsler](z) = vrzaws (3 — 1),
and, consequently,

dJi[é1)(z) = zrzexs (—21 + 23 + 1 — 3a),
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ng [éz](ﬂ?) = T1T2X3 [(—332 + x3 + 1-— 30&) + 7(%3 — .131)],

where we utilized (22). On U4 we have xizox3 > 0, so the
equilibrium conditions reduce to the two linear equations

—z1+wx3+1—3a =0,
(—w2 +23+1—3a) +7y(r3 —21) =0,

together with the simplex constraint z; + z2 + x3 = 1.
Introducing 3 := 1 — 3a, the first equation gives x1 = x5+ 5,
so that x3 — x; = —(. Substituting into the second and

simplifying yields x5 = x3+ §(1 —~). Therefore, the simplex
constraint determines
(6a —1) +~(1 — 3a)
I3 = .
3
From the above, we see that the unique equilibrium in ¢/, when
it exists as a function of the deception parameter v, is

(2 —=3a) + (1 - 3a)
(2 —3a) —29(1 — 3a)
(6o —1) + (1 - 3a)

(30)

Wl =

X*(7) =

In particular, X*(0) recovers the nominal equilibrium from
Example 2, and the y-dependent shift
* * 7(1 — 30[)
X*() = X7 (0) = T2
is exactly linear in 7. For X™*(-y) to remain in the interior I,
we require v € €2, where Q2 C R is the open interval

(1, =2, 1)

Q={y€eR : X(v)>0fori=1,2,3}. (31)

The three positivity constraints in (31) read

(2 —3a) +7v(1 —3a) >0,
(2 -3a)—2y(1 —-3a) >0,
(6 — 1) + (1 — 3a) > 0.

For o € (1/6,1/3), these give that

1-6a 2-3a
Q = ) )
1-3a’ 2(1 —3a)
which contains 0 and is bounded on both sides. For o = 1/3,
the map v — X*(v) is constant (8 = 0), and deception has no
effect on the equilibrium. For o € (1/3,2/3) (so 1 —3a < 0),
the inequalities flip direction and

O- 2 -3« 1 — 6«
- \2(1-3a)" 1-3a/"
In both non-degenerate regimes, €2 is an explicit, bounded,

open interval containing 0, giving a quantitative counterpart
to the qualitative neighborhood guaranteed by Theorem 3.

To verify local exponential stability of X*(v), we compute
the intrinsic Jacobian A|x.(,) with respect to the frame
{€1, é2}, which is orthonormal with respect to the tilted metric
g, via Theorem 2.

Observe that each directional derivative above factors as
X - p, where x := z1z9x3 and p is a polynomial of degree 1 in
x. At X*(7), the linear factor p vanishes by construction of the

equilibrium, while x|x+(,) > 0. Hence, using é; = x (01 —03)
and é3 = x(v01 + 02 — (1 +v)03),

d(dJL [él})[éj} |X’(’Y) = X" éj [pz] ’X*(ﬂ/)a

where p1 = —z1+x3+0 and pa = (—zo+x3+0)+vy(x3—21).
Direct computation gives

d(dJi[é1))[er] = =27,
d(dJ1[E1])[E2) = —(1427) X7,
d(dJz[e2])[er] = —(1+27) X7,
d(dJa[es))[Ea] = —2(1 + v + %) x*.

Hence, substituting from (30), the matrix representation of
Al x+(y) with respect to {&;} is

-2 —(1427)
_ 2

Al =X x|~ 427) —2(1 47 +97)] " @
In particular, at v = 0, the scalar x? o = %(2 —3a)*(6a —
1)? and the matrix (32) reduces to the expression in Example
4. Next, we verify that A|x.(,y is Hurwitz by computing its

trace and determinant:

tr(Alxe ) = =2X | oy - @+ 97,
det(Alx- () = X[y« [401+7+97) = (1+29)7]
- 3X4’X*(’v)'

Since 2+ +7% = (y+1/2)2 +7/4 > 0 for all v € R,
the trace is strictly negative for every v € ). The determinant
equals 3X4|X*('y) > 0 for every v € 2. A real 2 x 2 matrix
with strictly negative trace and strictly positive determinant
is Hurwitz, and therefore X*(y) is a non-degenerate isolated
locally exponentially stable equilibrium for system (8), for
every v € . In conclusion, as in Example 5, deception
preserves the stability of the system on the entire admissible
parameter interval (2, with the equilibrium smoothly controlled
by ~ according to (30) with v € €. ]

VI. PROOFS

In this section, we collect all proofs of the main results
presented in the manuscript.

A. Proof of Theorem 1

Under Assumption 1, and for each z € U, we have the
(pointwise) direct-sum decomposition

T.U=E(x)d- - DEN(x),

where, thanks to Assumption 1, each &; is a regular distribution

on U generated by the family {f; ; };-i":l. Consequently, using

annihilators yields the canonical dual decomposition
XU =&E(x)° @ dEn()°,

Ei(x)° = Ann(@fk(m)> cCT;U.
ki

(33)
(34)
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Let m;(z) : TyU — &;(x)° denote the corresponding linear
projections. For each ¢ € {1,..., N}, define a linear operator
d;
w) (fii (@) fij(@),  (35)
]:1

for all w € T;U. By construction, P;(z)[w] € &;(z) for all
w € TFU. Moreover, since dJ;(z)(fi;(x)) = Ly, ,(J;)(x),
system (5) can be rewritten as

N
&= rPi(x)[d]i(z)].

i=1
We now construct a metric g on U/ via its co-metric. For each
xr € U, we define a symmetric bilinear form g, on T:U
by declaring it block-diagonal with respect to the splitting

(33) and, for o, € T*L{ with unique decompositions o =
va Lo and = Zz 1 Bi such that oy, f; € &;(x)°, defining

= Zgi_,ml(ai,ﬂi),
Zaz fz7]

spans &;(z), the quadratic form a; +—

(36)

(37)

g”; 0417/81 : /8z(f1,j( ))

Since {fi,;(2)}],
97 a (0, ) Z;lzl a;(fi;(z))? is positive definite on
E;(x)°. Hence, g, ! is positive definite on T*U for every
x € U. Smoothness follows from the smoothness of the vector
fields f; ; and of the projections m;(z) for regular distributions.
Therefore, the tensor gf1 defines a Riemannian co-metric on
U, and, consequently, a unique Riemannian metric g.

Next, let g% : TU — T,U denote the tangent-cotangent
isomorphism induced by g, i.e.,

a(v) = g, (¢ha,v)  VaeTU, veTU.

By construction of (37), we have the block formula

N
dha = Z Pi(z)[]

where o = Zfil a;, a; € &E(x)° is the unique decomposition
of o with respect to the splitting (33). For each i, the Rie-
mannian gradient of the function J; with respect to the metric
g is defined by grad(J;)(z) = g% (dJ;(z)). Utilizing the
splitting (33) once more, we have the unique decomposition
dJi(z) = S, (dJi(x)), with (dJ;(2))x € Ex(z)°, which,
in combination with (38), implies that

-3

Moreover, since g, ' is block-diagonal with respect to the
splitting (33), it follows that the decomposition (10) is
gz-orthogonal, and, therefore, the g,-orthogonal projection
Pe,(z) : T,U — &;(x) is precisely the extraction of the i-
th component. Hence

gradg, (Ji)(z) := Pg,[grad(Ji)](z) =

(38)

()]

grad(J

Pi(x)[(dJi(2))i]-

Finally, since f; ;(z) € & (x) we have that

(dJi(@))i(fi;(x)) = dJi(2)(fi;(2)),

and, therefore, it follows that

ZLﬂJ 1

Combining this identity with (36) proves that system (5) is of
the form (11), which concludes the proof.

gradg ) fi i,J (z).

B. Proof of Proposition 2

Let X := diag(x1/1,...,xn~In), where I; is the identity
on &;(x*), and define the operator A := X1 AX, which is
similar to A, i.e., has the same spectrum. Direct computation

shows that its blocks with respect to the splitting (10) are
Ay = A;;, and A” = _AU Therefore,

Ri=>" Ay, =" HAngX],

J#i J#i

with respect to || - [|;. By the block Gershgorin circle theorem
[21], each A € o(A) satisfies, for some i,

1(Aii = AL) M ' < Ri (39)
Since A;; = A;; and |M~Y|;1 = 0%, (M), we obtain that
0. (Ay — M;) < R;. To arrive at a contradiction, suppose

that, for some A € o(A), we have that ®(\) > 0. Then, we
would have that

od (A — AL) >

min A“‘ — SIZ‘) > Ri

inf o—fnin(
R(s)>0

from (16), which contradicts (39). Hence, o(A) C {R(z) < 0}
and, because o(A) = 0(A), A is Hurwitz.

C. Proof of Theorem 2
Recall from (15) that

Aij[-] = Pe, [Vng[~] grad(Ji)} +Cil- ], (40)
N
=3P, [(Vpgj[.]ng)[grad(Jk)]] . @D
k=1

We evaluate A;;[v] for an arbitrary vector field v and then
extract its components in the orthonormal frame {f; ;}.
From (18) and the product rule, we compute that

dy

VP, = Z (Vﬂk’f ® froo + 9% ® ka,e)
=1
Since Pg,[v] = ZZ; ¥)4[v] fj.4» We obtain that

d; dy,

Ve, (v Pe. = DY (ﬁk’e OV, fu

q=1 =1
+ (V1,05 © fue).

(42)

From the definition of the covariant derivative of a 1-form,

(V1,981 = d@0H T D) [ fial = 9 [V, L]
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Applying this to grad(Jy) and utilizing (17) and (19),
(V5,9 lgrad(Ji)] = d(dJilfre]) [f).d]
— gkt [ijﬂqgrad(,]k)].
Utilizing (19), the product rule, and (17):
A [ij‘qgrad((]k)] = d(d‘]k[fkqf])[ijq]
+ Z dJk[fm,r] ﬁk’e[vfj,qu,r]-

m,r

Hence, we obtain that

(V5,95 grad(Ji)] = = > dJi[fn] 9 [V 5, o finr]-
m,Tr (43)

Substituting (42) into (41) and applying Pg,, which extracts
components along {f; ,},.; via (18), we obtain:

P, {(Vpgj [v]Psk)[grad(Jk)]}

= Z (Z AJi[fr.e] 19i’p[ij,qfk,£]> ﬁj’q[v]fi,p

q,p £

+ 3 (Vg 9 [grad(J,)]97 9] P
q,l

i [fk,f]'

Using Pe,[fr.¢] = dir fie and substituting (43), the second
sum contributes only when k = i:

- 6zk Z (Z dJk fm T [vfj,qu,r]> ﬁj’q[v}fi,f-

Summing over k and relabeling ¢ — p, we obtain that

o] = Z( S (el fes]
q,p k4

(44)
AT W»P[vfj,qfk,eo P fip.

From (19) and the product rule,

Vs, erad(J;) = Z (d(sz‘ [Fr,e]) [Fiq] fre

I,
+ dJ; [fk,g] ij,q fk’g) .

Extracting the (i, p)-component with ¥ o Pg. and using (17),

Pe, [V, grad(J)] =) (d(sz' fip])[fi.d]
q,p (45)

£ Al 9 [vfj,qfk,d) Pl
k.

Adding (44) and (45) and canceling identical terms, we get

Aylo) =) <d(dJi[fi,p])[fj,q]
a.p (46)

S ARl 9 [vfj,qu) Pl

k.0

By condition (12) and (19), grady, (Jx)(z
dJi[frel| .

Hence the inner sum in (46) vanishes at x*, leaving

Agll| . = d(di[fi ) [f5.q) 97 [0] fi

*) = 0 implies

=0 for all £, /£.

Reading off the matrix entries with respect to the orthonormal
frame gives the first equality in (20). Finally, from the defining
identity of the Hessian,

Hess(J;)[X,Y] =d(dJ;[Y])[X] — dJ;[VxY],
applied with X = f; ;and Y = f; ,

d(dJil fi.p))[f1.q) = Hess(Ji) | fip, fi.a] + dTi[V,, fip]
establishing the second equality in (20).

D. Proof of Proposition 3
By the first equality in (20),

(Aiila )p,q = d(dJi[fip]) [ fiq)lor-
The definition of the Hessian implies that
d(dJ;[fip])[fi,d) = Hess(Ji)|fi,g, fip] +dJi[V ., fipl-

47
Since U; is a weakly embedded submanifold,

vfi qu}p = vsﬂ qfi,p + Hi(fi,q7 fi,p)y

where V’ fz p €&, and IT* is the second fundamental form.
The equlhbnum condition (12) gives dJ;[f; ]|~ = 0 for all
r, so dJ; [Vf fiplle= = 0, and hence dJ;[Vy, fipller =

dJ;[1I (flq,fzp)ﬂx* From [22, Proposition 1.2], which is
obtained by applying the Gauss equation of Riemannian
geometry to the Hessian, we obtain that

Hess( )[fl q7fl IJ] Hessi(Ji)[fi,qafi,p]
- dJ% [Hl(fi,qv fi,p)]'

Substituting into (47), the second fundamental form contribu-
tions cancel, and we obtain

d(dJi [fi,pD[fi,q] o

(48)

= Hess'(JY

WNips fiall

E. Proof of Proposition 4

Since { f; ;} is a global orthonormal frame on { with respect
to g (see the proof of Theorem 1), we have g(f; p, fi.r) =
0ir0pr, Which is constant on U. Therefore, all Lie-derivative
terms in the Koszul formula [23, Corollary 5.11] vanish

identically, and for any k € {1,...,N} and r € {1,...,ds},
we have that
2g(vfj,qfi,pa fk,r) = - g(fj,‘]7 [fi,pv fk:,r])
+ 9(fips [fors fial) (49)

+ 9(frrs [fia fipl) -

Fixing 7 # j, the last term vanishes for all k, since, by
Assumption 4, [f; 4, fi »] = 0. Next, we consider each possible
value for k:
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o For k ¢ {3, j}, Assumption 4 gives that
[fi,pv fk,’!‘] - 07 [fk,’!‘a fj,q] = 07

so the right hand side in (49) vanishes.
o For k=14, [fip, fr.r] € & by Assumption 3, so

g(ijqa [fi,p’ fi,rD =0,

since &; L4 &; (by construction), and, by Assumption 4,

[fi,?“a fj,q] =0.
o For k = j, Assumption 4 gives that
[fi,pa fk’,T’] = Oa

whereas, by Assumption 3, we have that [f; ., f; 4] € &;
and, therefore,

g(fiypa [fjﬂ“v fj»q}) =0,

since & L4 &; (by construction).

From the above, it follows that

g(vfj,qfi,pa fk,r) = Oa

for all k,r, and, since {fy ,} is a global frame, (24) follows.

F. Proof of Proposition 5

First, we fix an order of the global frame as

(fras 5 fras fa1, 05 fo,da),s

and let n := dy + dy. From (7b), the linear map sending
fip = fip has the matrix representation / +T'" with respect
to this ordered frame, where

F — |:Od1 ><d1 7 :|

50
Od2 X d1 Odg X d2 ( )

with v € R% %42 being the matrix of deception parameters 'y;?.
To prove the proposition, it suffices to show that I + ', or,
equivalently, 74T, is invertible, since, in that case, {f; ;(x)} is
a basis of T,.U, the rank-d; subspaces éN’Z(x) are well-defined,
and the direct-sum decomposition T, U = & (x) & & ()
follows from the basis property. Since the bottom-left block
of I' is zero, the matrix I 4 I' is block lower-triangular:

_ Idl Y
I+F—[O I, |

and consequently
det(I +T') = det(1y,) - det(Iy,) =1,

so I + T is invertible at every = € U. Since {f; j(z)} is a
basis of T,,U{ at every x € U by Assumption 1, and [ +I' is
invertible, the tilted family { fii(x)} is also a basis of T,U.
In particular, { fiJ(ﬂj)}g;l are linearly independent and span
the rank-d; subspace &;(z), and the decomposition T,U =
& (z) ® & (x) follows from dimension counting.

G. Proof of Theorem 3

The proof proceeds in three steps. First, we recast the
equilibrium condition (27) as a smooth map F : U x R4 x4z —
R™ whose zero set parametrizes the equilibria of (8) as a
function of ~. Second, we apply the implicit function theorem
at (z*,0) using the non-degeneracy of the nominal Jacobian
Al,+ to obtain the smooth map X*. Third, we use continuity
of the spectrum of the deceptive Jacobian fl| X*(v) to transfer
local exponential stability from v = 0 to a neighborhood §2.

Let {9"7} denote the dual co-frame of {f;;} on U, as in
(17). The equilibrium condition (27) for system (8) reads

gradg (J1)(z) =0, gradg, (J2)(z) = 0.

Since fl’j = f1,;, the first condition is independent of ~ and
amounts to

dJi[f1,5](z) =0,

Since fo; = fo; + Zz;l Y} f1,k the second condition is

i=1,....d.

dy
dJs(f2](x) = dJa[fa)(x) + D AF dJa[frx](2) =0,
k=1

for j =1,...,ds. We now introduce the smooth map F': U x
Ré1xd2 5 R™ (with n = d; + dy) by its n scalar components
Fyj(2,7) = dfi](@),

SR (51)
Py j(z,7) = dJo[faj)(x) + Y A dJa[f14](2).

k=1
Then, x € U is an equilibrium of (8) with deception parameter
~ if and only if F'(z,v) = 0. By construction, F'(z*,0) = 0
(the nominal equilibrium conditions (12) at z*).

The partial derivative 0, F'(z*,0) : Tp«U — R™ is the linear
map with scalar components, for v € T,-U,

DpFy j(2*,0)[v] = d(dJy[f14])[v]

anghj (JJ*, 0)[1}} = d(dJQ [f27j]) [U] o

Expanding v = 3, , 97 o] fir p(x*) and using the or-
thonormality of the frame, we obtain that

0. F; j(x*,0)[v] = Z d(dJ; [ fi 1) [fir ']

x*?

x* 191',710/ [U] .

By the first equality in (20) of Theorem 2, the coefficients
d(dJ;[fi ;1) firpr]|e+ are precisely the entries of the matrix
representation of the nominal Jacobian A|,« with respect to the
orthonormal frame {f; ;}. Therefore, under the identification
R™ ~ T .U provided by the frame {f; ;(«*)}, the linear map
0, F(2*,0) coincides with the matrix representation of A|;:

O F(2*,0) ~ Al (52)

By the hypothesis of local exponential stability of z* and
the “only if” direction of Proposition 1, A|,« is Hurwitz
and, in particular, invertible. Hence 0,F(x*,0) is a linear
isomorphism from T,+U to R"™.

The map F' defined in (51) is smooth in both argu-
ments (since Ji,Js, f; ; are all smooth), F(z*,0) = 0, and
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0. F(2*,0) is a linear isomorphism. By the implicit function
theorem, there exists an open neighborhood 2 C R4 %42 of
~ =0 and a smooth map X* : Q& — U such that X*(0) = z*
and F(X*(v),7) = 0 for all v € Q. By construction, X* ()
is an equilibrium of (8) with deception parameter v for every
~ € €, and uniqueness in a neighborhood of x* is part of the
statement of the implicit function theorem.

Let A(y) := A| Xx+(y) denote the intrinsic Jacobian of the
deceptive dynamics (8), evaluated at the deceptive equilibrium
X*(7y). Since both X* and the frame {f;;} = {fi;(7)}
depend smoothly on 7, and since the projected gradients
gradg (J;) depend smoothly on v through ﬁ j» the Jacobian
A(~) is a smooth function of v on €. At y = 0, the deceptive
frame {f; ;j} coincides with the nominal frame {f;;}, the
deceptive metric g coincides with g, the deceptive bundles
&; coincide with &;, and X *(0) = z*. Consequently,

A(O) = A‘m*v

which is Hurwitz by hypothesis. Since the spectrum of a
matrix depends continuously on its entries, and smoothness
of fl('y) in ~ implies continuity of its entries, there exists
an open neighborhood Q' C Q of 4 = 0 such that A(~)
remains Hurwitz for all v € ’. Shrinking Q2 to €’ if necessary,
the “if” direction of the second statement of Proposition 1
applied to (8) gives that X*(~) is a locally exponentially stable
equilibrium of (8) for all v € Q.

H. Proof of Corollary 3

Differentiating the identity F/(X*(),~v) = 0 with respect
to fyj’-“ at 7 = 0 gives
OF

< (z*,0) = 0.

oX*

0. F(z*,0) |,
i =

From (51), the only component of F' that depends on 7]’? is
Fy j,and OFy ; /0y (x*,0) = dJa[f1,4](2*). Under the identi-
fication (52), the vector dF /8~ (x*,0) € R™ corresponds to
dJo[f1,k](x*) f2,;(x*) € TpwU, and inverting O, F(z*,0) =~
Alz+, which is invertible by assumption, yields (28).

VIl. CONCLUSION

We studied model-free multi-agent decision making on
manifolds under payoff-only measurements and control-affine
actuation along state-dependent vector fields. Using a Lie-
bracket approximation viewpoint, we showed that, under a
natural bundle-splitting condition, the interaction dynamics ad-
mits an intrinsic geometric representation as a sum of projected
Riemannian gradients, i.e., as a non-holonomic gradient play,
which yields an equilibrium characterization and an intrinsic
local stability test via a connection-based linearization. We
then introduced an asymmetric-information model suitable for
manifold-constrained interactions and showed how embedding
victims’ exploration signals into the strategy of a deceiver tilts
the victims’ effective actuation directions, generically shifting
equilibria and enabling the deceiver to control the location
of the equilibria, with an explicit first-order characterization

of the induced shift. Future work will develop constructive
systematic design rules and tuning algorithms for the deception
parameters, and will address cyclic information structures in
which multiple agents attempt to deceive one another.
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